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AHHOTANUA

B cmamove pacemampusaemces npodrema
HAXOHCOCHUSL MHO2OZPAHHUKOG 3A0AHHOU (PopMbl
6HYMPU Opyeux MHo2o2pannukos. Ilpednrazaiomes
HECKOJIbKO aIbMEePHAMUBHBIX MEMOO08 NOUCKA
BRUCAHHBIX MHO20ZDAHHUKOB, OCHOBAHHBIX HA
c8edeHUU OAHHOU 3a0ayu K 3a0aie HelUHeuH020
nPOSPAMMUPOBANUSL U PEULEHUS ee C HOMOWbIO
20MOBbIX NPOSPAMMHBIX GbIYUCTUMETbHBIX
pecypcos. Takoice npednazaiomest 603mMoNCHbIE
annpokcumayuu 0Jisk yCKopeHust pabomol
aneopumma. Onucvleaemcest cucmema
PACHPEOeNeHHO20 MeCmMUPOBAHUsL, UCTIONb3YIOWASCS
07151 pA36UMUsL ANICOPUMMAL.

1. Beenenue

OnHOM U3 KJIACCUYECKUX MaTeMaTHYECKUX
npo0JIeM SBISIETCS TPEThsI YacTh 18-0if mpobieMbl
I'uns6epra. B cBoeii 0011eit mocTaHOBKE OHA
MOCBAIIAETCS YIAKOBKaM OJTHUX Tel Apyrumu. B
ClIydae yHaKOBKH IIPaBUIBHBIMH 00BEKTaMU,
Harpumep chepamu, CyIeCTBYIOT JI0OKa3aHHbIE
pe3yabTaThl, HAIPUMEP: CHIIbHAS MpobiiemMa
tpuHaauat cep[1] u runoresa Kennepa[2]. B
Cllydae YHaKOBKH MHOTOTPaHHHUKOB B IpyTHE
MHOTIOIPaHHMKH, 331a4a OKa3bIBAETCs OUE€Hb
CJIO>KHOM, ¥ ITOKA HE CYIIECTBYET TEOPETHUECKUX
MOJXO0/10B, MO3BOJISIOIUX NOJACTYIHUTHCS K 3TOU
3ajade B 00IIEM BHIIE.

YacTHBIM cydaeM 3TOH MPOoOIeMBI SBIISIETCS
3a/1a4a HaXOKACHUS B BBITYKJIOM MHOTOTpaHHUKE
MIPOU3BOJILHON (HOPMBI 0O0BEKTA 3aTaHHON POPMBI C
HauOoIpIUM 00BeMoM. JlaHHAS 3a/1a4a UMeeT
MIMPOKYIO 00JIaCTh MPUMEHEHHUS: KOMITBIOTEPHOE
MOJICIUPOBAHHUE TPEXMEPHBIX OOBEKTOB;
HMpPOTrpaMMHBIE TPEHAKEPBI; KOMIIBIOTEPHBIE UIPHI;
MPUI0XKEHNUS, peIIaloIKe 3a1a4l YIIaKOBKU U
packposi; MporpaMMbl, OTBEUYAIOIUE 3a

Tapacos Anekceli CepreeBuu
cuc UIIIIM PAH
tarasov.alexey@gmail.com

HepesBIKeHUE POOOTOB; IOBEIUPHAs
MPOMBILICHHOCTD; 00pab0TKa J0POrOCTOSIIIHX
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[TepBOHAYATBHBIM ATAIIOM AITOPUTMA,
peLIaouero 3Ty 3a1auy, SBISETCS HaX0XKICHHE
CTapTOBOI TOYKH - HAYAJILHOTO MTPUOIU3UTETLHOTO
pacronoxxeHns o0bekTa. B kauecTBe cTapTOBOM
TOYKH MOTYT OBITh B3STbI JaHHBIC Pa0OTHI APYTHX
HETOYHBIX aIropuTMOB. OTHIM H3 IPEMEPOB TaKHX
AIITOPUTMOB SIBJISICTCS TOMOTETHYHOE Pa3ayBaHUe
O/ pa3HBIMH YTJIaMH U € LICHTPOM Macc B Pa3HbIX
TOYKaX MCKOMOTO O0BEKTa JI0 MePECEUCHUs C
BHELTHUM MHOTOTPaHHHKOM U HaXOXXAEHHUE, TAKUM
00pa3om, cTapTOBOM TOYKH C MAKCUMAIbHBIM
o0remoM. [lanee HE0OXOIMMO MIEBENS BEPIIUHEBI HA
HEe3HAYMTENIbHbIE PACCTOSHUS HAWTH MOJI0KEHHE C
MaKCHMaJIbHBIM 00BbEMOM U YJIOBJIETBOPSIOIINE
HEKOTOPBIM TpeOOBaHMSIM Ha Gopmy.

2. Ucnoib3yeMble TEpMHUHBI

Omnpenenenune 1. Bnucviganuem oIHOTO
MHOTOTpaHHHKA B IPYroi Oy/eM Ha3bIBaTh
HaX0X/IEHUE MHOTOTPAaHHUKA, KOMOMHATOPHO
SKBHBAJIEHTHOTO MIEPBOMY, MAKCUMAIILHOTO 00heMa
1 COZIEPIKAIIIErocsi BO BTOPOM.

Omnpenenenne 2. byneM roBOpHTh, 4TO JIBa
MHOTOTpaHHHUKA 00JIa/Ial0T OJIMHAKOBOM
KOMOUHAMOPHOU CMPYKMYpoU TOTa U TOIBKO
TOT/a, KOT1a N30MOP(HEI UX TPaHIUYHBIC
KoMmIuieKchl[ 3]. Takue MHOTOTpaHHUKY HA3BIBAIOTCS
KOMOUHAMOPHO IKEUBATICHIMHBIMU.

Onpenenenue 2.1. Komnnexcom Ha3bIBaeTCs
KOHEYHasi COBOKYIHOCTh K MHOTOTpaHHHKOB B Ey,
YIOBJIETBOPSIONMIAS YCIOBUAM: 1) HapsTy ¢ KasKIbIM
MHoOTOoTrpanHukoM M u3 cemeticta K B K Bxoaut
TaK)Ke W JIt00ast TpaHb MHOTOrpaHHuKa M, 2)
nepecedeHne 00X IBYX MHOTOTpaHHUKOB 13 K
SIBIISIETCS TPAHBIO KaX/I0TO U3 HUX.

Omnpenenenne 2.2. [Tycts M — d-MHOTOrpaHHHK
(pasmepnoctu d ) B Ey , 1 mycTh 1eioe auciio K
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ynosierBopsieT ycnoBuio 0 < k < d. MHOkeCTBO
BCEX IpaHell MHOTOrpaHHHUKa M pa3MepHOCTH, He
TPEBBINIAIONICH K, SIBIISETCS KOMIUIEKCOM, KOTOPBIi
HasbIBacTCs K-ckenemom mnozoepannuka M.

Ompenenenne 2.3. (d - 1)-ckerner
MHOTOTpaHHHKa M OyneM 0003HAa4aTh CHMBOJIOM
F(M) v Ha3BIBaTh epaAHUYHBIM KOMNIEKCOM
MHO202PAHHUKA.

Onpenencuue 2.4. JIpa komrmiekca K u K'
Ha3bIBAIOTCS U30MOPPHLIMU KOMNIEKCAMU, €CTIH
MEK1y HUMH CYIIECTBYET B3aUMHO O/IHO3HAYHOE
0TOOpaKEHHE (, COXPAHSIOIIEE OIEPALHIO
BrimoueHus: Fy C Fy & ¢ (F)Co (F)

Onmnpenenenue 3. 3aoaueli HeauHelHO20
npoepammupoganus (HII-3a0aua) Ha3pIBaeTCA
ONTUMU3AIMOHHAS 3a7]aya CICIyIOMEero BUA:

f(x) — min

TIPY OTPaHIMICHISIX:

gL <g(x) <gu

XL <x <xU

e X € R"— ontuMu3anMOHHBIE TIEPEMEHHBIE C
BEPXHHMHU U HHKHAMHU OTPaHHUYCHHUSIMHU:

XLE (R U {—0})" xU € (R U {+00})"

f: R">R - uenesas GpyHxuus

g: R" >R - 06uiue HenvHEHHbIE OrPAHHYEHMUS C
BEPXHHMHU U HAKHAMU TPAHUIIAMH:

gLE (R U{—oo})", gUE (R U {+0}H"

f(x) 1 g(X) MOryT OBITH JINHEHHBIMU HITH
HEITMHEWHBIMH, BBHITTYKIIBIMU FTH HEBBIITYKJIBIMH.

Onpenenenue 4. AMPL [4] (A Modeling
Language for Mathematical Programming ) — s13bix
MPOTPaAMMHUPOBAHHS BEICOKOTO YPOBHS IS
OTIMCaHWS U PEIICHUS CIOXHBIX 3a7ad
ONTUMM3ALUY U TEOPUU pacnucanuil. ['1aBHbIM
npeumymectsoM AMPL sBisiercst mogobue ero
CHHTaKCHCa MaTeMaTHYEeCKOH 3aIicH 3a1a4
ONTHMU3AIIMH, YTO NO3BOJISIET 1aTh OYEHb KPATKOE U
JIETKO YUTaeMOe OINpe/ielIeHUe 3aa4
MaTeMaTHYecKoro nporpamMmmupoBanus. s
pemeHus 3aqa4, HanucaHnHeIX Ha AMPL,
HCTIOJIB3YIOTCS BBIYHCITUTENEHBIC COBEPHL.

Onpenenenue S. Henunetinviii consep —
mporpaMMa JJisl pelieHus 3a]a4 HeTHHEHHOT O
MPOTPaMMHUPOBAHHS, UCIIONB3YIOIIAS OJIH U3
ITOPUTMOB TaKHX KaK: METO/]] IPaJIMEHTHOTO
CIyCKa, METOJl BHYTPEHHEH TOYKH WIIN
KBa3WHBIOTOHOBCKHE METO/IBI.

Onpenenenue 6. Boinyxioii
00010uK0l MHOXKECTBA X HA3BIBAETCS
HaMMEHBIIIee BBIMTYKIIOE MHOXKECTBO,
conmeprkaiee X.

Onpenenenne 7. Cuewanusvim

R
npouseedenuem (d, b, C) BeKTOPOB

d, b, ¢ Ha3BIBaeTCA CKAISAPHOE

MMPOU3BEACHUE BCKTOpa a Ha BEKTOPHOC

i -
MIPOM3BEICHUE BEKTOPOB b 1 C.
ay a, a,

(@,b,8) = |bx by b,
Cx Cy €

OpHUCHTHPOBAHHBIH 00BEM CHMITIIEKCA
B TPEXMEPHOM E€BKJINJIOBOM ITPOCTPAHCTBE MOKHO
oTIpeneNnuTh 1Mo popmyie:

1
V= det(v; — vy, vy — Vg, V3 — Vy), THE Vi—
BEKTOpa KOOPIMHAT BEPIIMH CHMILICKCA.

3. ITocTanoBKa 3a1a4n

I[aHLI JABa  BBINYKJIBIX ~ MHOI'OTpaHHHMKa  —

BHELITHUI u BHYTPEHHUH. BuyTtpennuit
MHOTOTPaHHHK SIBIISICTCSI HadaJIbHBIM
NPUOIN3UTETHHBIM peneHneM 3a1a4n "
COZICP)KUTCS ~ BHYTpM  BHemHero.  TpeOyercs

MaKCHMaJIbHO  yBEJIWYHTb, ILNEBENS  BEPIIWHBI,
BHYTPEHHHUII MHOTOTPaHHUK TaK, YTOObI OH OCTaJCs
BIMCAaHHBIM M COXPaHWJ CBOK KOMOHHATOPHYIO
CTpyKTYpy. IloMMMO KOMOWHATOPHOW CTPYKTYpBHI
MOTYT OBITh J00aBJIEHBI COOTHOLICHHS KaKHX-JTHOO
pa3MepoB (ukcHpyomux (HopMy MHOTOTPaHHHKA
HEoOXOoAnMBIe Ul TPUKIAJTHOTO HCIIOIb30BAHMS
ITOPUTMA.

4. IlepBblii MeTO

[TocTaBIeHHYI0O ~ TEOMETPHYECKYI  3a[ady
HEOOXOQMMO  3ammMcaTh B  TEPMHHAX  3aJadyd
HEJIMHEHHOTO TPOTPaMMHPOBAHHS.

B kauectBe meneBoit ¢ynkiuu f(X) B Hamem

ciydae GepeTtcs 00BeM BHYTPEHHETO
MHOTOI'paHHHUKaA. Oxn BBIYUCIIACTCA qgepe3
KOOpJMHATHl BEPIIUH C TOMOIIBI0  pa3OHUeHus

rpaHeil Ha TPEyroJIbHUKH U MpeJCcTaBIeHne 00beMa
B BHAE CYMMBl O00BEMOB CHMIUIEKCOB. Ecim B
NPUKJIAIHOM  TPUMEHEHMHM MeToJla  IIeHHOCTb
HCKOMOTO 00BEKTa 3aBUCHT HE TOJBKO OT 00beMa,
TO STH XapaKTEPUCTHKU TaKK€ MOXHO BHECTH B
HesneByto QyHKIuIo.

IlepemennpiMM B Hamed 3amade  OyayT
IapaMeTpel, OTBEYAIOIIME 32  PACIOJOXKEHHUE
BEPLIMH B NIPOCTPAHCTBE, Xj; € (—,+0) , T11e | —
HOMEp TOUYKH, | — OCb KoopmuHat. Ecmm ecTh
YBEPEHHOCTh, YTO HAYaJIbHOE  PACIIOJIOKEHHE
o0bekTa OJIM3KO K MCKOMOMY, TO Ha KOOPAWHATHI
BEPIIMH MOXKHO HAJIOXKHUTh OTPAaHWYEHHs TaKHe,
4TOOBl BEPIIMHBI HE YNAISUIMCh OT Ha4yajJbHOTO



COCTOSIHUSL Jajibllle, YeM Ha HEKOTOPYIO BEIUUYHHY
dx.

Ilepelimem k ommMcaHWIO OOIIMX OTPAHWICHUN
g(x). Ecrb  HECKONBKO  OCHOBHBIX  TPYIII
OTpaHMYCHUHN IS NaHHOM 3amaum, 0e3 KOTOPHIX
Hemp3s  oboiitmcs.  IlepBoit  rpymmoit  Takmx
OTPaHWYICHUH SBISIOTCA (DAKTBI, HYTO BEPIIMHBI
JOJDKHBI OCTaThCsl Ha CBOMX TIpaHsAX. Ecnu B rpann
OBUIO TPH BEPIIMHBI, TO BCE 3aBEJOMO B IOPSIKE.
Eciun xe Oombmie, TO TpeOyeTcs HANOXKHUTH
OTrpaHUYEHUs. YCIOBHE TOTO, YTO YEThIpe TOUKU
JIeKaT B OAHOM MJIOCKOCTU PAaBHOCUIBHO TOMY, YTO
00bEM HATSHYTOTO Ha HUX CHUMIUIEKCA PaBeH HYIIIO,
TO €CTb B HEPAaCIHCHOM BHJE YCIOBHE BBIIIAIUT
TaK:
det (X1 - Xo, X2 - Xg, X3-Xg) =0
Tie Xo , X1, X2, X3 — TOUKH, JIeKaIIWEe Ha OJHOU
rpaid. [lns  gydmed  TOYHOCTH 3TO  YCIIOBHE
HEO0OXONMMO 3aIicaTh AL BCEX YETBEPOK BEPIIMH
BO BCEX TPaHAX, HO 3TO CHJIBHO 3aMEMJIHUT BpeMs
BBIYHCIICHU conBepa, IIO3TOMY MOXHO
ONTHMU3UPOBATh PAa0OTYy HCXOIS M3 TOTO, 4TO
HEKOTOpbIe HAOOpBI TOYEK JIe)KAaT UMEHHO B OJHOU
rpanu. IloaToMy MOXXHO B KaXkJOH IpaHu Opatb
(bMKCHpOBaHHBIE TPU TOYKH M J00ABISITH K HUM BCE
OCTaJIbHBIC TI0 OYEPEeaH.

YroObl HE BO3HHUKAJIO TEPECCUCHUS T'paHeH MO
pedpaMm, KOTOpPBIX HE JIOJDKHO CYIIECTBOBATH,
HEOOXOZMMO  3amucaTh  YCJIOBHS — BBIMYKJIOCTH
BHYTPEHHETO  MHOTOTpaHHHKa. [lpum  maHHOM
MOAXOAE  E€IMHCTBEHHBIM  CIIOCOOOM  3a/laHMs
OFpaHI/I‘IeHI/Iﬁ Ha BBIITYKJIOCTH MHOTOI'paHHUKA
SIBIIACTCA BBIITMCBIBAHUC yCJIOBI/Iﬁ JIOKaJIbHOM
BBIIYKJIOCTH JUIsl KaIoH u3 BepuiuH. s 3TOro
HEOOXOIMMO JUIsl KaKA0i BepUIMHBI OpaTh TPOWKH
CMEXHBIX ¢ HeW Mo pebpam BepIIMH M CMOTPETh
o0BeM HATIHYTOIO Ha HHX cuMIulekca. Ecmm
BEKTOpa K 3TOH Tpolike BEpIIMH 00pa3yroT MpaByio
JIeKapTOBy CHCTEeMy KOOpAMHAT W HadalbHas
BEpIIMHA SBISIETCS BBITYKJIOH, TO 00BEM CHMILIEKCa
Oynet Ooblne HyJIs, €CIM K€ TOYKA HE BBINTYKJIa, TO
o0beM  orpunarenbHbld.  Mcxoms w3 aToro,
MOJYYarOTCs CIIEAYIOINE YCIOBUS:
det (X1 - Xg, X2 - X, X3- Xg) >0
TOJIBKO TEIIEPH YKE X1, X2, X3 — TOYKH CMEKHBIE 10
pebpam ¢ Xo. Ecnu ObII0 BBEZIEHO OrpaHUYECHHE Ha
CABUT BEPIIUH dX, TO MJIA ONITUMU3AIUN 110 BPDEMEHU
9TH YCJIOBUSA MOKHO 3aIlTMChIBATh TOJIBKO JJIA TPYIII
ONMM3KO JIeXKAIIMX BEPIIMH, PAcCTOSHUE MEXIY
KOTOPBIMH COM3MEPUMO C OX, MOTOMY YTO MpodYHe
BEPILINHBI HE CMOTYT AOCTATOYHO CHJIBHO IOMEHSThH
MECTOHAXOXJIEHHE B  IPOCTPAHCTBE,  YTOOBI
MOSIBUIIUCH HEBBIMYKIIbIE JIEPEKTHI.

[ocnennsiss rpymma o00s3aTENBHBIX  YCIOBUH
CBsI3aHA C TEM, 4YTO BHYTPEHHHI MHOTOT'PaHHUK

JIOJDKEH OCTaTbCsAd BIHCAHHBIM. OTH  YCIOBHSA
3aMUCHIBAIOTCS B CIEAYIOLIEM BUAE:

Aerl + Berz + Cerg -D, <0

rae I - HoMep IPaHu BHEIIHETO MHOTOTPAHHUKA, a |
— HOMEp BEpIIMHBI BHYTPEHHETO MHOTOTPAHHUKA.
Crout 3ameruth, uro A, ,B, ,C, D, saBmsroTcs
KOHCTAaHTaMH, a HE NEPEMEHHBIMH; a 3HA4MT, dTa
rpynmna OrpaHUYEHUI SIBISETCS JIMHEUHBIMM U HE
3HAYUTENBHO BIHUSET HAa BpeMsl padOTHI COJIBEpa.

IToMmumo  0OOsI3aTeNBHBIX ~ OTpAaHMYEHUH, B
3aBUCHMOCTH OT KOHKDETHOW 3ajauu, MOTYT OBITh
Jo0aBJIeHBl U JAPYrHe OTPaHUYEHUs, CBSI3aHHBIE C
KakKMMU-TO pa3MepamMu MHororpanHuka. Ho He
CTOUT 3a0bIBaTh, YTO 4YE€M BBIIIE CTEIEHb
MHOTOYJIEHA, OINHUCHIBAIOIIErO OrPAaHUYEHHS, TEM
CHIIbHEE OHO 3aMeUTHT paboTy cosiBepa.

OtoT MeTon sBisieTcsl Hed((HEKTHUBHBIM, TOTOMY
YTO  BO3HUKA€T  OYEHb  MHOIO  CIIOXHBIX
OTPAaHUYEHUH TPETHEr0 MOPAJKA, YTO 3HAYUTEIHHO
3ameuiieT paboTy cosBepa. Takke BO3HUKAIOT
CJIO)KHOCTH C 3aIllUChIO JOIIOJTHUTCIIbHBIX
OTPaHUYECHUM, CBS3aHHBIX C HOPMAISIMU TIPaHE.
HpeI/IMyH_[eCTBOM JaHHOI'O MCTOda SABJISACTCA
MUHHMAaJIbHOE BO3MO>KHOE KOJINYECTBO
HCIOJIb3YEMbIX TICPEMECHHBIX. 10 ACIacT MaTpUllbl
MPOU3BOJHBIX MEHBIIIETO Pa3Mepa, HO MPH TOM OHU
SIBIISIIOTCSI MEHEE PA3PEKEHHBIMU.

5. Bropoii meTon

I'maBHO! wuzmeell BTOPOro SBIAETCS BBEACHUE
JIOTIOJTHUTEIBHOTO Habopa HNEPEMEHHBIX,
OTBEYAIOIUX 3a IapaMeTpbl I'paHeW BHYTPEHHErO
MHOTOTpaHHMKA. ECTh HECKONBKO MPEHMYIIECTB
JTAaHHOTO Toaxona. Bo-mepBrIX, MOPSIOK OobIIeH
JacTH ypaBHEHUH B 3aJjaue COKPAIIAETCs C TPEThEro
Ha BTOPOH, YTO 3HAYMTEIBHO YMEHBIIAET BpeMs
paboThl. Bo-BTOpBIX, ypaBHEHHWs, 3allMCaHHbIE C
HCTIONB30BaHUEM JBOMHOTO Habopa NepeMeHHBIX,
SABIISIIOTCSL OOJiee TOHATHBIMH C TEOMETPHYECKOH
TOUKU 3pEHHs], YTO 3HAYUTEIBHO COKpAIlaeT BpeMs
OTIaJKU anroputMa. B-TpeTbux, cymecTsyer macca
JIOTIOJTHUTEIbHBIX OrpaHUYEHUl], Hanpumep
CBS3aHHBIX C YIIaMH MHOTOTPaHHHMKA, KOTOpBIE
MPOCTO HEBO3MOXHO 3amucaTh ©0e3 BBEICHHUS
JIOTIOTHUTEIHHOTO Habopa epEMEHHBIX.

Wtak, mepeMeHHBIE BO BTOPOM MeETOnE OymyT
nenuThess Ha 2 Tuma. [lepBeIil TWH — mapaMeTphl
rpaHeil BHYTPEHHEr0 MHOTOTPaHHUKA Yap , Yop +Yep »
Yop A€ P — HOMEP TpPaHM BHYTPEHHETO
MHOTOrpaHHnka. B kadectBe orpannmueHuir (XU wu
XL) Ha mTepeMeHHBIE TEpPBOro TUIA OepyTcs
HavyalbHblE 3HAYEHHs IapaMeTpOB ILIIOC/MHHYC
HEKOTOpasi BEIMYNHA COOTBETCTBEHHO. Pa3mep stoit



BEeIMYMHBI  3aBUCUT  OT  TOTO,  HAacKOJBKO
paspeliaercs M3MEHATh YLl HOpMalled TIpaHeil
3alaHHON KOMOMHATOpHOU CcTpYKTypHl. [lapameTpsr
TpaHeil BHEIIHEr0 MHOTOTPaHHMKA HE MEHSIOTCH,
MI03TOMY PacCMaTpUBAIOTCS KaK KOHCTaHThL. Bropoit
THUI MIEPEMEHHBIX — TO IapaMeTPBl, OTBEYAIOLINE 32
pacrooxeHe BEPIIUH BHYTPEHHETO
MHOTOIPaHHHUKA B MPOCTPAHCTBE, Xj; € (—00,+o) ,
roe j — HOMep TOYKH, | — OCh KOOPIHHAT,
AHAJIOTUYHO NIEPBOMY METOTY.

OrpanuyeHusi Ha KOMOWHATOPHYIO CTPYKTYpY
CTaHOBSITCA BUJA:

yaple + yprjZ + ychjS - ydp =0

rie P — HOMEp TpaHd  BHYTPEHHETO
MHOTOTDaHHUKA, | HOMEpP BEPUIMHBI, HHAEKCHI
1,2,3 COOTBETCTBYIOT TpeM OCAM KOOpIMHAT.
PaccmoTpeHHast rpymnmna orpaHUYeHUH 3aUChIBAETCS
JUI BCEX Map BEPUIMHA-TPaHb, A KOTOPBIX BEPHO,
YTO BEpUIMHA JIEKUT Ha rpaHd. IlepedeHp Bcex
TakKUX  [ap  TOodydaeTcs W3 HadalbHOIO
MpeACTaBJICHUs IPAaHEl MHOTOI'PaHHHKA.

OrpanuyeHusi Ha BBITYKIOCTb HEOOXOAMMO
3amucaTh AN BCeX  Map  BepIIMHA-TPaHb
BHYTPEHHEr0  MHOIOIpaHHMKA, [T  KOTOPBIX
BEpIINHA HE IPUHAIJIEKUT TPAHU:

YapXj1 + YopXj2 + YepXjz — Yap <0
6. Boruucienus Ha cosiBepe

Jns  Beumcnenuit  chopmynupoBanHoi HII-
3ajauu MHOH OBUI  HCHOJNB30BaH  COJIBEP
IPOPTI[5](Internal Point OPTimization). Oto consep
IpeJHa3HadeH I OUCKA JOKaIbHOTO ONTUMYyMa B
3ajaye HENMHEHHOIro NMpOrpaMMHPOBAHUS METOJOM
BHYTpEHHEHl Touku. JIJIi BBIYMCIECHUS COJIBEPY
HeoOxonumo  mpepocraButs  callback-dyukumy,
BBIYUCIISIONINE CIEAYIOINE BETUUNHBI:

) 3HaueHwus 1eaeBoi ¢pyukuu f(x);

e  rpaaueHTa 1eneBoit pyukmmu VI(X);
e BEKTOpa 3HAYCHUIl BEKTOP-OYHKIUH
orpanuyenui g(x);

e  sxoOmaHa BEKTOP-(PyHKITNH
orparmuenuii Vg(x)"

e  TeccHaHa pacCIIMPEHHOW (QYHKINU
Jlarpamka V2 f (x) + X7 L V2g;(x)

Ecim it popMyaMpoBKY 3a/1aud HCIOIB30BaTh
a3bIK  mporpammupoBannst AMPL, To oH cam
TPEIOCTaBISIET 3TH QYHKIUK pu nosyueHud f(X) u
g(x). Ho AMPL sBusercs  mIaTHBIM U
JIOPOTOCTOS UM Ut KOMMEPYECKOT0
WCTIONB30BAaHMUS, TO3TOMY OBUI ~ pa3paboTaH u
peanmnzoBaH uHTep(delic mus paboThl B COJBEPOM

Ipopt Hampsimyto, 6e3 ucnonb3oBanuss AMPL. Beiiu
Hamicansl  cooTBeTcTByromme  callback-dynkium,
YIOMSIHYTBIE  BBINIE, JUIA Y3KOTO MHOXECTBa
(hyHKOIUKA orpaHWYCHUAN. OTH (QYHKIMH MMEIOT BH[
MHOT'OYJICHOB TPETHETO ITOPsIIKa:

Z CiXi1Xi2Xi3 + Z ijjlsz + Z CpXk

Marpuipl NpPOU3BOJAHBIX ISl TAaKUX OrpaHMYEHHHA
3aIKCBIBAIOTCS JIETKO, B OTIMYHME OT HPOU3BOJHBIX
JUISl 3a]1a4¥ OOIIEro BHAA.

st 6azoBoro anroputma 0e3 JIOMOJIHUTEIBHBIX
OTpaHMYEHUH IOCTATOYHO TAaKOTo IpEeICTaBICHUS
JUIA TIeTIeBOW (YHKIUU W (QYHKIUI OTrpaHUIeHUIL.
bonee Toro, OONBIIMHCTBO  I'E€OMETPHYECKHX
OTpaHUYCHUH MOTYT OBITh aNMpPOKCHMHPOBAHBI B
TaKOM BHJE C JOCTATOYHO XOPOILEH TOYHOCTEIO.

7. I[OHOJIH]/ITCJ'II)HLIC OrpaHu4cHUusL

B pemaemoli MHOIO NpUKIAAHON 3aJadye OYCHb
BaXKHa CHMMETpHsS MOJydaeMoro peuieHus. EcTe
HECKOJIBKO rpymn 4acTo BCTPEYaeMBIX
JIOTIONTHUTEIBHBIX OTPAaHUYEHHUI, KOTOpHIE CTOMT
3aTPOHYTh M MOACHUTH KaK HX 3allHMcaTh B paMKax
Moero uHrepdeiica.

[lepBoii Tako# rpynIoi SBISIIOTCS OTPAaHUYEHUS
GospIero, yeM TpeTui mopsnok. JlaHHas npobiema
pemiaercs METOAOM BBEJCHHS JIOIOJHHUTENBHBIX
MIEpEeMEHHBIX, PABHBIX MPOM3BEICHUIO [BYX WIH
TpeX JAPYIuX, YTO MO3BOJISICT MOHHM3HUTH MOPSIOK
YpaBHEHHH.

Ko BrOpoif rpymnme oTHeceM CHTyallMM, KOTJa
HaM HYXHO COOTHOIICHHE JIBYX MEPEeMEHHBIX “X / Y~
Jnsa  Ttakux curyanuif  HEoOXOAWMO  3aBECTH
MepeMEeHHYI0 Z, 3anucarh ypaBHeHHe Z*y — X = 0 u
HCTIONB30BaTh Z TaM, IJie HyXHO cooTHomeHue. Ho
€CIM  3TO  COOTHOIICHHWE  HCIONB3yeTcs B
HEpaBEHCTBAaX M Y HMMEET HENOCTOSHHBIH 3HAK, TO
Ipopt MokeT HEKOpPEKTHO 00pPabOTATh CUTYAIHIO.

Jns cuMmMerpun 00BEKTa 4YacTo HEO0OXOIMMO,
4TOOBl TPYNNA KaKUX-TO 3HAYEHHH C; HE CHIIBHO
OTIMYAINCH APYT OT Apyra. YtoObl He mucarth Ui
HUX, YTO WX DPAa3HMIA IIONMAPHO MEHBIIE KaKOH-TO
BENTMYKHBL. MOXHO BBECTH ITEpEMEHHBIE MiN U Max
U TSI BCEX C; 3aITUCATh CIIEAYIOINE yPaBHEHUS:

min < ¢; ; max > ¢; ; max — min < dev
rae dev gomyctumas pasHULa MEXIY C;.

Yame Bcero, Korja Hy»XKHBI JOMNOJHUTEIbHbIE
OTpaHWYEHUs], 3T OrPaHMYECHUS KacaroTcsi JOo
COOTHOIIEHUH pacCTOSHUH, JMOO COOTHOIICHUH
yriaoB. @Dopmyna pacCTOSHUS OT TOUKH [0
IUTOCKOCTH SIBIISIETCS YpaBHEHHEM BTOPOTO MOPSAIKA
1 ¢ Hed mpolOyieM He Bo3HWKaeT. JIJis paccTOSHUN
MEXIy TOYKaMH HYXHa OIeparus B3STHS KOPHA,
KOTOpPOW MBI He oOyiajaeM. DTO pPEmaeTcsl IBYMS



meronamu. JIuOG0 MOXKHO B3STh  paccTosHHE

MPOEKIMH Ha KaKyl0-TO OChb, KOTOPOE CUMUTAET uepes

CKaJsIpHOE  IIPOM3BEIECHWME, W  paborath ¢

npoekuusiMu. JInbo mpocTo 3anucaTh ypaBHEHHS:
r>0

rF= (X = X%)* + (Y1— Y2’ + (22— 22)°
Tak kak 3a/aua pemaeTcsi YUCICHHBIMH METOAAMH,
TO JJAHHBIE YPAaBHEHUS MO3BOJIAIOT HCIIOIb30BATh I B
JMrOOBIX 1ENsAX, He W3BJEeKas KOPEHb KaK TaKOBOH
BOOOIIIE.

Jns  orpaHuuyeHud Ha yIibBl IPOIIE BCETO
UCTONB30BaTh KOCHHYCHI YTJIOB, BBIYHCIISEMEIE,
gyepe3 ckajsipHoe mnpousBeneHue. Ho g odeHs
MaJIeHBKUX YIJIOB, @ OHM YacTO BCTPEYAIOTCS B
YCIOBUSIX JKECTKOW CHMMETPHH HA a3MMYTHI KaKHX-
TO TpaHeHd, HEOOXOOMMO WCIIOIb30BATh CHHYCHI
YIJIOB, TaK KaK KOCHHYC HE YyBCTBHTEICH K MaJIbIM
M3MEHEHUsIM B pailoHe Hyms. Tak xak

sin x ~ X,

cosx~1-x%

B paifone Hyna. CuHyC BBIYMCISIETCS Yepes
BEKTOPHOE NPOU3BEJCHHUE, KOTOPOE TaKXkKe SABISAETCA
ypaBHEHHEM TPETHErO MOPSIIKA.

Bce atM, Kka3zanmoch Obl, 3JIEMEHTapHBIC
anMpOKCUMAIUH MTO3BOJISIOT paboTaTh C JOCTaTOYHO
OoJIBIION JUTA MPUKIAIHBIX 33/a4 TOYHOCTBIO, NPH
3TOM HCIOJIB3YI0 TOJBKO YPaBHEHUS TPETHETO
MOpAJKa, 4YTO 3HAYUTENbHO COKpAIaeT BpeMs

paboTsI anropuT™Ma o CPaBHEHHIO c
UCIIONIb30BAaHUEM YpaBHEHHH BBICOKOTO TOPAIKA,
KOpHeH ¥  OOpaTHBIX  TPUTOHOMETPUYECKHX

(hyHKIMH.
8. PacnipesiesieHHOe TeCTHPOBaHHE

PasButne amroputma TpebyeT IOCTOSHHOTO
TECTHPOBAHUS Ha OOJIBIIIOM KOJIMYECTBE IPUMEPOB U
C pasnuyHBIMH HacTpoiikamu. YTOOBI NPHUHATH
pemeHre O BBEACHHH HOBOM HIECH alropuTMa,
HEOOXOIMMO 3aIlyCTUTh MHOTOYHCIEHHBIE TECTEHI,
4YTOOBI BBISIBUTH CJIa0ble MecTa (TO €CTh CHUTYyalluH,
KOrJja HOBasg uAes TNPUBOJUT K 3aMEIJICHHUIO
ITOPUTMA WM YXYALICHUIO KayecTBa Pe3yJbTara).
Jns perieHus 5Toi 3amaun ObLIa co3/laHa cucTeMa
yIaJIEHHOTO TECTUPOBAHUS 3a7a4uH.

Ha Ttexymuii MOMEHT cucTeMa TECTUPOBaHUS
npencraBisieT coboit cnenyromiee. s BBIMIOTHEHUS
TECTa CO3JaeTcsi ero ommcaHue B dopmare json,
KOTOpPOE COIEpPXHT IONHBIH HA0Op TECTOBBIX
JTAaHHBIX, HA KOTOPBIX OyJeT 3amyCKaThCs MPOOHBIN
AITOPUTM, nepeyeHb BCEX HACTPOEUHBIX
MapaMeTPoOB, CCHUIKU Ha ACHCTBYIOIIUE peaau3aluu
anroputMma (dll), a Tax jxe ZOMOIHUTENBHBIE (QalIIbI,
€CJIM OHU MOTYT U3MEHSThCA.

ITocne co3maHue TECTOBOrO 3a/aHHUS  OHO
3aHOCHTCSI B ouepenb. TpaHCIOPTHHIM KaHAJIOM
mepenaddl JaHHBIX Ha CEpBEp ABIACTCA CHCTEMa
Dropbox, uro okasbiBacTCst OYCHB YIOOHO, TaK Kak
MO3BOJISIET CIIEAUTDH 32 XOJOM PabOTHl C IIMPOKOTO
CHeKTpa MOOWIBHEIX YCTPOHCTB, HampuMmep ¢ iPad.

[lanmee Ha TECTOBOM CepBepe IO PaCIHCAHHIO
3aIlyCKaeTCsl CKPUNT  TPOBEPSAIOINI  odepens
(queue_starter.py), u B ciyuae eciau ouepeab He
MycTa W Ha JaHHBIH MOMEHT CEpBep CBOOOJEH,
3aIlyCKaeT IepBoe 3aJaHue U3 OUEPEH.

3amycK OCYLIECTBISIETCS! OTAEIBHBIM CKPHIITOM
(big_button.py). DTOT CKpUOT IO MOJYYEHHOMY
TECTOBOMY  3aJaHUIO0  [OJArOTaBIMBAaeT  BCE
HeoOXonnMble NaHHBIE Ui 3amycka. [locie wero
MapajuleNIbHO 3aITyCKaeT MHOXECTBO IIPOLIECCOB C
TECTUPYEMBIM TPHJIOKEHHEM Ha pa3HbIX JaHHBIX.
OnHOBPEMEHHO BBITIOJHSIOTCS 110 OJHOMY TPOILECCy
Ha Ka)XJOM spe cepBepa (WIM IO [(Ba, €CIH Spa
umeror TexHonoruto Hyper threading). B ciyuae
MaJeHus] TPUIOKEHHS, CKPHUIT aHAJIM3UPYET YKe
NPOWJCHHBIE TECThl U IEepe3alycKaeT MNPHI0KEHHEe
3aHOBO JJIsl IIPOJOJDKEHHMs 3anaud. [lo oKkoHYaHHIO
paboThl coOMpaeTcsi OTYET O pe3yabTaTax B popMare
json. A nainee Ha ero ocHOBe (opMupyercs ynoOHast
JUIL  BHU3YalIbHOTO IIPEACTAaBICHUSA PE3YNIbTATOB
Tabmuia B popmare Excel.

ITomumo ocHoBHOrO crnocoba (opmupoBaHus
OTYETOB, €CTh CKPHNTHI, KOTOpPBIE  CO3JAf0T
CpaBHHTEIbHbIE TaOIHIIBI Ha OCHOBaHHH
HECKOJIBKMX OTueToB. OOmias cucrema TreHepayun
3TUX OTYETOB report.py COJCPKUT MHUHH-S3BIK
TeHepalry CBOJHBIX TECTUPYEMbIX IapaMeTpPOB.
ITpn HEOOXOAMMOCTH, MBI MOXET JIEIKO BBECTH
HOBBIN napamerp, OLIEHMBAIOIIMI  paboty
ITOpUTMa, M BBIBECTH €ro JUIs BCEX TECTOB,
BKJIIOUasl yxe mnpoijeHHsle. Hampumep, mokasarts
MHHUMAaJIbHOE, MaKCHMAJIbHOE, Cpe/iHee 3Ha4YeHHE,
CTaH/IapPTHOE OTKJIOHEHHUE U T.II.

Hano 3ameruts, uto s3pik Python okaseiBaercst
O4YeHb yZ0OeH ISl HallMCaHUs MOJIOOHBIX TECTOBBIX
cucteM. Ilo cpaBHeHMIO C s3BIKOM R, KOTOpBII Asst
TaKUX 3a/1a4d CUUTAeTCs Oosiee TMOIXOMSIINM,
Python okasancst mpeamouTuTenbHe B CBSI3H C
rMOKMMH BO3MOXHOCTSIMM POTPAMMHUPOBAHUS U
pelLICHHEeM CMEXHBIX 33/1a4 — FreHepalueil 0T4eTOB.

[MonyuuBInas cucreMa OKa3bIBaeTCs JAOCTATOYHO
CTaOMIIBHOW, YCTOMYMBON K MaJCHUAM TECTHPYEMOU
CHCTEMBI,  IO3BOJIIET  IIIyOOKO  HCCIEIOoBaTh
pe3ysibTaThl  TECTOB M HAaXOJUTh HEOUYEBHIHBIE
3aBUCUMOCTH. [lnmaHupyercs pasBUTHE CHCTEMBI
TECTUPOBAaHMs, KOTOpPOE IIO3BOJIUT  3alyCKaTb
3a1aHus B OOJaKe, 4YTO 3HAYMUTEIHHO COKPATHT
BpEMSI 0)KU/IaHHUS MacIITaOHBIX TECTOB.



9. Pe3yabTaThl

AnropuT™ OBUT peaJIM30BaH M MPOTECTUPOBAH Ha
3aJjayax paszHOro pasMmepa. 3ajgaddl BapbHPOBAIUCH
OT TPOCTBIX Y4YeOHBIX TIPUMEPOB C IPOCTHIMH,
MOAOOHBIMH HJIHM IPOCTO JIETKO BIHCHIBAEMBIMHU
MHOTOTPaHHAKAaMH C KOJIHYECTBO BEPIIMH MEHBIIIE
ISITUACCSTH IO PEalbHBIX NPHUKJIAAHBIX 33439 C
KOJIMYECTBOM BEPIIMH OT CTa OO0 IITHCOT H
OTPaHWICHUSIMU HA CHMMETPHIO Pa3HOH )KECTKOCTH.

Bropoit MeTox Ha peanbHBIX 3ajaydax, Jaxe 0e3
JIOTIOJIHUTENBHBIX ~ OTpaHMYeHuii, paboraer Ha
NOpSJOK OBICTpee MepBOro, HE CMOTpS Ha
YBEJIMYCHHOE KOJIMYECTBO NepeMeHHbIX. Mcxons u3
3TOro M ynoOCTBa 3alKCH YpaBHEHHH, OH ObLI
npu3HaH 0osnee 3 HEeKTHBHBIM.

Ha peanbHBIX pMepax alnropuT™M, OCHOBaHHBIH
Ha BTOPOM METOZE, YJIydllaeT JI000H pe3ysbTar
IPYTUX alrOpUTMOB B HaHHOW obOmactu Ha 2-5%
o0BeMa.

OCHOBHBIE TECTHpYEMbIE HPUMEPHI COJECpIKAIN
BIMCHIBAEMbIii MHOTOIPaHHHUK C  KOJHYECTBOM
BepIIMH W TpaHedl mopsiaka 150 w  BHemHUH
MHOTOTPaHHUK C KOJIMUECTBOM BEpIIMH W TIpaHel
nopsaka 500, ofmiee KONMYECTBO OrpaHUYEHHA
nopsaka 10000. Bpems moctpoenus 3aauu Ha dTHUX
NpUMEpax COCTABISIET OKOJIO OJHOM CEeKYHJBL
Bpewms BerumcieHus Ha coyiBepe 0e3 OrpaHMYeHHUH
Ha CUMMETpHIO ~5 cexyHI. Bpems Bbrumcnenuii Ha
CONIBEpe C OTpaHWYCHUSAMH Ha cuMMmeTpuio ~30-60
CEeKYH/]I B 3aBUCHMOCTH OT ’K€CTKOCTH OTPaHMYCHHUH.

B cBoeif pabote Ipopt ncrmosb3yeT pasnudIHbIE
OMOMMOTEKN JUIl pemIeHus] CHCTeM JIMHEHHBIX
ypaBuenuii u BLAS’s  (0uOnmorekn 0a30BbIX
orepanuii JMHEHHO# anreOpsl). bbut npoBeneHs!
OKCIIEPUMEHTHI 110 3aIyCKy alropuTMa Ha pasHbIX
cbopkax lpopt, BkmOuaromux B ceOs  pasHbIC
KoMOMHauuu Oubnanorexk. HekoTopele U3 3THX
6ubnuorek Moryr paboTaTb B MHOTOMOTOYHOM
pEeXHMMeE, TO3TOMY OTJIMYAETCS eIle M KOJIHMYECTBO
MOTOKOB. TecTHpoBaHMEe MOKasano, 4To Hamboiee
OBICTPBIMH  OKA3aJIUCh COOPKH, HCHOJB3YIOLIHE
6ubmmoreky MAS7.

10. 3akaouyenue

B craTtbe paccMOTpeHsbI 1Ba BapUaHTa alropurMa
BIIUCBIBAHMS OJHOTO MHOTOTPAaHHHKA B APYrod u
IPUBEICHA HUX CpPaBHUTEIbHAS XapaKTEPUCTUKA.
IIpensoxxeHpl TOTOBbIE NPOrPaAMMHBIE IPOAYKTHI,
KOTOpbI€  3HAQUYUTEIbHO YIPOLIAIOT  HalMCaHUE
JIAHHOTO aJropuT™Ma. PaccMOTpeHbl BO3MO>KHBIE
CIOCOOBI ONTHUMHU3ALUU BPEMEHU paboTsI
aNropuT™Ma, BapUaHTBl ero MoAudukanuii B
3aBHCUMOCTH OT MNPHUKJIAAHON 3a1a4d, OCHOBHBIE

A€M  YOPOLICHHA  OrpaHMYeHHH.  ANTOpUTM
MPOTECTUPOBAH HAa PEAIbHBIX JaHHBIX W ITOJYYEHBI
XOpOIINE pE3yNbTaThl IO KaueCTBY M BPEMEHH
pabotel. Anroput™m sBisieTcs A(PQGEKTHBHBIM H
aKTyaJIbHbIM, IIOTOMY 4TO 3a cueT cBeneHus k HII-
3aJaddl MOXKHO paclapajIeINTh BBIYUCICHUS, YTO
KpalfHe Ba)KHO C Y4YE€TOM pa3BUTUS COBPEMEHHBIX
BBIYHCIIUTENbHBIX TEXHOJIOTUH. [IpuBenena
s deKkTUBHAs cUCTeMa TECTUPOBaHMS alropuTMa B
pacrpeieIeHHOH cperie.
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